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Kleene Algebra with Tests

Approach

DEXTER KOZEN
Cornell University

We introduce Kleene algebra with tests, an equational system for manipulating programs. We
proof, using Kleene algebra with tests and commutativity conditions, of
al result: every while program can be simulated by a while program with at
most one while loop. The proof illustrates the use of Kleene algebra with tests and commautativity
condlitions in program equivalence proofs.

Categories and Subject Descriptors: D.2.2 [Software Engineering]: Tools and Techniques
structured progrumming; D.2.4 [Software Engineering]: Program Verification—correctness
proofs; D.3.3 [Software Engineering]: Language Constructs and Features—control structures:
F.3.1 [Logics and Meanings of Programs]: Specifying and Verifying and Reasoning about
Programs —assertions  invariants; logics of programs; mechanical verification: pre- and postcon-
ditions; specification techniques; F.3.2 [Logics and Meanings of Programs]: Semantics of
Programming Languages—algebraic approaches to semantics; F.3.3 [Logics and Meanings of
Programs]: Studies of Program Constructs—control primitives: 111 [Algebraic Manipula- 2)
tion]: Expressions and Their Representations—simplification of czpressions: 113 [Algebraic
Manipulation]: Languages and Systems-—special-purpose algebraic systems; 1.2.2 [Algebraic
tic program program_synthesis:_program
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Kleene Algebra with Tests:
Completeness and Decidability

Approach

Dexter Kozen Frederick Smith
kozenlcs.cornell, edu fms@cs. cornell.edu

Computer Science Department
Cornell University
Tthaca, NY 148537501, USA

Abstract. Kleene algebras with tests provide a wigorous framework for

i i fon and veri ion. They have been used success-
fully in basic safety analysis, saurce-to-source program transformation,
and concurrency control. We Prove the completeness of the €equational
theory of Kleene algebra with tests and *-continuous Kleene algebra with
tests over language-theoretic and relational models. We also show deeid-
ability. Cohen’s reduction of Kleene algebra with hypotheses of the form
7 = 0 to Kieene algebra without hypotheses is stmplified and extended
t0 handle Kloans alwatonr .
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Tobias Kappé (z), Paul Brunet ©. Alexandra Silva
Jana Wagemaker and Fabio Zanast

University College London, London, United Kingdom; tkappe@cs.ucl.ac.uk

Abstract. Conc arrent Kleene Algebra {CKA} extends basic Kleene
algebra with a parallel composition operator. which eriables veasoning
about concurrent Prograts However, CKA fundamentally misses tests,
hich ave needed to model ctandard programming €1 Tucts such as
conditionals and while-loops It turns out that integrating ts in CIKA s
<ubtle, due to their interaction with parallelism. Jn this paper ¥ provide
a solution in the form of Concurrent Kleene Algebra with Observations
(CKAO) Our main contribution is & completene theorem for TKAO.
Our yesult vesorts on @ more eneral study of CKA “with hypotheses” , of

O vy s ot to be an nstance: this analysis s of independent

2 than CKAO
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Hypothesis Closure cf. Doumane et al. 2019

Definition
The hypothesis closure H*(L) for e < w is L closed under:

L—LU{uwev:uwveL w, e [e]}
If uwv € H*(L), then V we € [e], uwev € H*(L).
For example: H = {aa < a}. Apply to language ba.

ba — baa — baaa — baaaa — ---

Semantics for KA + H, =4
[-1w == H*([-])

Now f =4 g = [fln = [g]n- (soundness)
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Reduction Example

Remember this example? H = {aa < a}

ba — baa — baaa — baaaa — ---

What's an expression representing this language? r(a) := baa*

Is it a reduction?

[ba]y = [baa*]

/

ba =4 baa*

\

Is [baa*] actually the hyp.
closed language above?

Can we prove ba and baa*
equivalent with KA+ {aa < a}?
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Reduction Strategy

REDUCTION TODO LIST:

+ New semantics (“Hypothesis closure”)
« DeflnemapE — E ?27?
* Prove it is a reduction 77

Our contribution: a procedure for defining generic reductions, and a
proof that when the procedure terminates (#), it is correct.
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Reduced Expressions via Automata

g —Ag — Tu(Ag) — r(g)

Use an iterated construction on automata to define a reduction.

a<aa es<w
a a w
e —e —— o o ° ° (&)
€l TE
& e
e —— e
a
e———Fe
[e]

Various versions of this are well-known as strategies for “Approach 1”: see Book and
Otto 1993; Kozen and Mamouras 2014; Pous, Rot, and Wagemaker 2024 for more.
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Problem: Automaton Constructions Need to be Finite

What if Ty(Ag) isn’t finite...?

Consider the hypothesis e < w.

KV\
Wt

m
e<— o
e — o

™

Will happen for any hypothesis where w is a suffix of a word in [e].

Symmetric if w is a prefix as well.
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PARTIAL REDUCTION TODO LIST:
+ New semantics (Hypothesis closure)
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Generic Reduction Proof

Let g € E such that r(g) is defined.

Want to show:

[9]n = [r(9)] g =n r(9)
Equivalent to... The hard part.

Provability on automata...?
H*([g]) = Lra,)

Invariance (up to H) at each
Verify constructed automaton

step of automaton “solutions”

“easy"

"



Next Steps

Possible applications:

+ Combine reductions (Pous, Rot, and Wagemaker 2024)
« Characterise hypothesis/expression subclasses
« Augment KA solver in Rocq (Braibant and Pous 2012)
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Next Steps

Possible applications:

+ Combine reductions (Pous, Rot, and Wagemaker 2024)
« Characterise hypothesis/expression subclasses
« Augment KA solver in Rocq (Braibant and Pous 2012)

Other future work:

+ Does Ty terminate when it can?
+ General hypotheses e < f
« Sets of hypotheses

12



Thank you!

This paper on arxiv: These slides on my website:

[m] 5<[m



 https :// arxiv . org / abs / 2601 . 14114 
 https :// thain . xyz / academic 
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