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14th April, 2026

LIACS, Leiden University
FoSSaCS 2026

These slides on
my website:

 https :// thain . xyz / academic 


Partially Decidable Program Equivalence

Partial Reductions for Kleene Algebra
with Linear Hypotheses

Liam Chung, Tobias Kappé
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A Top-Down View on Program Equivalence Semantics

Useless

Just right?Complete & Decidable!
(Kozen 1994)
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Syntactic equivalence
...
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Semantic program equivalence
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Everything is equivalent
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“Propositional” Equivalence

Regex ignore if operations can be...

• reordered

→ ab ≤ ba

• replaced

→ b ≤ a

• removed

→ a ≤ aa
• in general: sets of e ≤ f
• in this paper: e ≤ w, one at a time “linear”

Approach 1: add “features” to KA booleans, concurrency...

Approach 2: add axioms “hypotheses” to KA directly → KA + H
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Hypothesis Closure cf. Doumane et al. 2019

Definition
The hypothesis closure H∗(L) for e ≤ w is L closed under:

L 7→ L ∪ { uwev : uwv ∈ L,we ∈ JeK}

If uwv ∈ H∗(L), then ∀ we ∈ JeK, uwev ∈ H∗(L).

For example: H = {aa ≤ a}. Apply to language ba.

ba → baa → baaa → baaaa → · · ·

Semantics for KA + H, ≡H

J−KH := H∗(J−K)

Now f ≡H g ⇒ Jf KH = JgKH. (soundness)
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Game Plan

How to get completeness/decidability of KA + H from KA?

As per Pous, Rot, and Wagemaker 2024, construct a “reduction”.

Theorem
Let r : E → E be a (computable) map. r is a reduction if ∀ g ∈ E,

JgKH = Jr(g)K g ≡H r(g).

Then KA + H is complete w.r.t J−KH, and ≡H is decidable.

≡H=

Suppose Jf KH = JgKH. WTS f ≡H g.

f ≡H r(f ) ≡ r(g) ≡H g

5
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Reduction Example

Remember this example? H = {aa ≤ a}

ba → baa → baaa → baaaa → · · ·

What’s an expression representing this language? r(a) := baa∗

Is it a reduction?
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Reduction Strategy

REDUCTION TODO LIST:

• New semantics

(“Hypothesis closure”)

• Define map E → E

???

• Prove it is a reduction

???

Our contribution: a procedure for defining generic reductions, and a
proof that when the procedure terminates ( ), it is correct.
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Reduced Expressions via Automata

g

→ Ag → TH(Ag) → r(g)

Use a construction on automata to define a reduction.

• • •a a

a ≤ aa

Various versions of this are well-known as strategies for “Approach 1”: see Book and
Otto 1993; Kozen and Mamouras 2014; Pous, Rot, and Wagemaker 2024 for more.
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Problem: Automaton Constructions Need to be Finite

What if TH(Ag) isn’t finite...?

Consider the hypothesis ba ≤ a.

e ≤ w.

◦ • • ⊕· · · a · · ·

• ••

ε ε

b a

• • •

εε

b a

Will happen for any hypothesis where w is a suffix of a word in JeK.

Symmetric if w is a prefix as well.
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Problem: Reductions Don’t Always Exist

Theorem?
Define rH : E → E using the output of TH.

when it terminates ( ).

Then rH is a reduction.

Therefore, KA + H is complete and decidable.

over rH’s domain.
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Problem: Reductions Can’t Always Exist

Theorem (REAL)
Define rH : E ⇀ E using the output of TH when it terminates ( ).

Then rH is a partial reduction.

Therefore, KA + H is complete and decidable over rH’s domain.

Let’s fix up our todo list.

PARTIAL REDUCTION TODO LIST:

• New semantics

(Hypothesis closure)

• Define partial map E ⇀ E

(Automaton construction)

• Prove it is a reduction (when defined)

???
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Next Steps

Possible applications:

• Combine reductions (Pous, Rot, and Wagemaker 2024)
• Characterise hypothesis/expression subclasses
• Augment KA solver in Rocq (Braibant and Pous 2012)

Other future work:

• Does TH terminate when it can?
• General hypotheses e ≤ f
• Sets of hypotheses
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Thank you!

This paper on arxiv: These slides on my website:
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 https :// arxiv . org / abs / 2601 . 14114 
 https :// thain . xyz / academic 
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